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The Harish-Chandra Schwartz algebra

Let G be a p-adic reductive group.

e If K is a compact open subgroup of G, we denote by S(G, K) be
the space of rapidly decreasing K-biinvariant functions on G.

@ The Harish-Chandra Schwartz algebra of G is defined to be

S(G) := U S(G,K).
K compact open subgroup of G
o We have S(G, K) = exS(G)ex = S(G)K*K.

@ S(G) consists of all uniformly locally constant and rapidly
decreasing functions on G.

@ Endowed with the inductive limit topology this is a complete locally
convex topological algebra with separately continuous multiplication.

@ S(G) is an idempotented algebra.
@ The Hecke algebra #(G) is contained in S(G), and is dense in S(G)

v
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Definition

A representation (7, V) of G is admissible if, for any compact open
subgroup K of G, the subspace VK = ex V/ of K-invariant vectors is
finite dimensional.

e Every admissible representation in 93(G) which is “tempered” in the
traditional sense, i.e., its matrix coefficients are tempered functions
on G carries a unique S-module structure which extends the given
‘H-module structure.

@ Conversely, if an admissible representation (, V) in 23(G) carries an
S-module structure which extends the given 7-module structure,
then (7, V) is tempered.

Definition

The category RY(G) of tempered representations of G is the category of
nondegenerate left S(G)-modules.
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Definition

Let G be a p-adic group (or more generally alocally compact group), and
let dg be a left Haar measure on G, and let C.(G) denote be the
convolution algebra of compactly supported continuous functions G with
values in C. The algebra C.(G) acts as bounded operators on the Hilbert
space L%(G): for f € C.(G) and £ € L?(G), we define

AF(E)(x) == / F(g)é(g ™ x)dg-

The reduced C*-algebra of G is the closure of A(C.(G)) in the operator
norm

r*ed(G) = )‘(CC(G))

We have
H(G) € S(G) € Cra(G)

and S(G) is dense in C* 4(G).

.
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I
Let V be a simple S(G)-module; we then have:
@ V is simple as an #(G)-module;

@ every simple S-module which is isomorphic to V' as an H-module is
already isomorphic to V' as an S(G)-module.

4
Simple S(G)-modules coincide with irreducible tempered representations
of G.

V,
Let Irr?(G) denote the set of equivalence classes of irreducible square

integrable modulo the center representations (i.e., discrete series) of G.
Every 7 € Irr?(G) is tempered.
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Theorem [Harish-Chandra]

© An irreducible representation 7 of G is tempered if and only if it
occurs as an irreducible component of a parabolically induced
representation i,c\’-/hQ((S), where Q is a parabolic subgroup of G with
Levi factor M and § € Trr?(M).

@ The G-conjugacy class (M, d)¢ of (M, ¢) is uniquely determined and
is called the discrete support of .

V,

The Plancherel theorem

S(G) is the orthogonal direct sum of subspaces formed from series of
representations induced unitarily from discrete series of the Levi factors of
parabolic subgroups.

Moreover, if two such series of induced representations yield the same
subspace of S(G), then the parabolic subgroups from which they are
induced are associate, and the representations of the Levi factors are
G-conjugate.
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Harish-Chandra formulated a version of the Plancherel theorem which is
similar to that for real groups, although he published only a sketch of the
proof. The full proof was written by Waldspurger.

@ Xynr(M) the group of the unitary unramified characters of M, with
M a Levi subgroup of G

Q(G) set of G-conjugacy classes of pairs (L, ) with o € Irreysp (L)
> . supercuspidal support map

Q?(G) set of G-conjugacy classes of pairs (M, §) with § € Irr?(M)
¥ 2 discrete support map
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Compatibility of the discrete and supercuspidal support maps

The following diagram commutes:

Irr*(G)

2*(G) Q(G)

where 3: (M, §)¢ — supercuspidal support of 4.

4

For G = GL,(F), the map j is injective and the map X2 is bijective
(since unitary induction is irreducible for GL,(F)).
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Definition/Notation

o Let § € Irr’(M), and let O% := X,,,,(M) - 6. The G-conjugacy class
0:= (M, 0% of (M, ") is called an inertial discrete pair in G. We
write also d := [M, 4] for 6 € O'. We denote by B2(G) the set of
inertial discrete pairs in G.

@ Let @ be a parabolic subgroup of G with Levi factor M. We denote
by Irr(G) the set of irreducible representations of G that occur in
one of the induced representations iy o(J ® x), with x € Xun:(M).

’ D

Theorem [Plymen]

We have a decomposition:

)= @ a6,

EB2(G)

where C*(G;0) is a subalgebra of C*(G) with spectrum Irr}(G).
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The group W,
Let 0 = [M, 4] € B2(G). We set

Ng(®):={neNg(M) : "6 ~6® x for some x € Xyn:(M)}

and define the stabilizer of O (so called the inertial stabilizer of §) as:

W, = Ng(d)/M.

The group Wi
For § € Trr?(M), we denote by Wi its stabilizer in Ng(M)/M:

Ws = {neNg(M)| B~6}/M,

where "5: m +— 6(n"mn) of M. We have

Ws = W2 x Rs.
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Obviously: W5 C W, for any § € OF.

We have To each root « is attached a Levi subgroup M, D M. We have
uMe: O — RT. The set

R®:={a e R : uM(5) =0}

is itself a root system, and the group WY is its Weyl group. We fix a
positive system R’ in R°, and set

Rs:={we Ws: w(R})=R0}.

Institut de Mathé¢ Lecture 8: Tempered representations and C*-blocks


https://perso.imj-prg.fr/annemarie-aubert/
https://sites.google.com/view/nsf-cbms-ncg-repag/home
https://www.stjohns.edu/

The fixed point J is good if for every point &’ € O, the Knapp-Stein
decompositions Wy = W9 x Ry and Ws = WP x Rs are compatible in
the following sense:

@ we have W2 c WY,

@ and the R-group Ry is isomorphic with a subgroup of Rs.

Question (open in general)

Does the action of W, on O always admit a fixed point?

Theorem [Afgoustidis-A.]

Let G be a quasi-split symplectic, orthogonal or unitary group over a
p-adic field F.

Then for every 0 = (M, 0%)¢ € B2(G), the action of W, on O has a
fixed point.
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However, the existence of a fixed point is not enough for our purpose, we

will need a “good” fixed point. )

Intertwining operators (works of Waldspurger, Langlands, Arthur)

For each w € W; and every x € Xun, (M), there is a certain intertwining
operator A(w,d ® x) such that

A(wiwz, § @ x) = ns(wi, wz2) A(wy, § @ (w2x)) A(wz, 6 ® X),
for any wy, wy in W and x € Xy (M), where

ns: Ws x Ws — C* is a 2-cocycle.

Proposition

For every 6’ € O, the map r — A(r,d’) defines a projective
representation of Rs,. The multiplier of this projective representation is
the restriction 75/ : Rs: X Rs: — C* of the cocycle 7.
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Central extensions of R-groups [Arthur]

The theory of the R-group can be brought to full fruition once chosen a
central extension _
1-2Zs >Ry — Ry — 1

with the property that the 2-cocycle of Eg induced by s is a coboundary.
Such a central extension exists, and we can then choose a map
&5 Rs — C* that splits g, in that:

ns(wi, wp) = M for any wy, wy € ﬁg.

 E(w)és(we)

.

Theorem [Arthur]

The irreducible components of i, o(0) are in natural bijection with the

set of irreducible representations of Rs with Zs-central character (s,
where (s5: Zs — C* is given by (5(z) := &5(z) 7 for z € Zs.
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There is a central idempotent p acting on the group algebra of 155:

pi=125I7" ) Gs(2) 'z € C[Zs].

z€Zs

Then we have

B(C[Rs]) = C[Rs,ns]-

Theorem [Afgoustidis-A.]

Assume that § is a good fixed-point for the action of W, on Of. Then
we have a strong Morita equivalence

CH(6.0) ~ B|C(O/WE)xR; |.

Morita

Institut de Mathé¢ Lecture 8: Tempered representations and C*-blocks


https://perso.imj-prg.fr/annemarie-aubert/
https://sites.google.com/view/nsf-cbms-ncg-repag/home
https://www.stjohns.edu/

How to interpret the result above:

@ Strong Morita equivalence preserves spectra: if A and B are strongly
Morita equivalent C*-algebras, then their spectra are homeomorphic.

@ We have obtained a strong Morita equivalence between a highly
noncommutative C*-block and (the image under p of) an almost
commutative C*-algebra, namely the crossed product of a
commutative C*-algebra by a finite group. This allows one to infer
the topology on the tempered dual, in a way which reflects
reducibility of the induced representations.

Special case

If Rs = Rj, then p is the identity, and we have

C:(G,d) ~ C(O°/W2) x Rs.

Morita
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