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Inverse Boundary Problems

Can one determine the internal properties of a medium
by making measurements outside the medium (non-
invasive)?

X-ray tomography (CT-scans)
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Radon solved the
problem in 1917
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Johann Radon

Nobel Prize in Medicine (1979)
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CT SCAN

A. Cormack and G. Hounsfield (1979): Nobel prize in
medicine for development of CT



Radon Transform

Radon (1917) n =2
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NONLINEAR | (Scattering)

Ultrasound

Electrical
Impedance
Tomography
(EIT)




CALDERON'S PROBLEM and EIT

QCR"?
(n=2,3)

Can one determine the electrical conductivity of Q,v(x),
by making voltage and current measurements at the
boundary?

(Calderdn; Geophysical prospection)

Early breast cancer detection

Normal breast tissue 0.3 mho
Cancerous breast tumor 2.0 mho
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REMINISCENCIA DE MI VIDA MATEMATICA

Speech at Universidad Autonoma de Madrid accepting
the ‘Doctor Honoris Causa’:

My work at “Yacimientos Petroliferos Fiscales”
(YPF) was very interesting, but I was not well
treated, otherwise I would have stayed there.
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(Loading images/rawlong.mpg)

Mark Nelson, http://nelson.beckman.illinois.edu
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rawlong.mpg
Media File (video/mpeg)


(Loading images/electro.mpg)

Mark Nelson, http://nelson.beckman.illinois.edu
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Geological underground probing is the
application of EIT considered by Calderén

Electrode
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Early detection of breast cancer is effective
using combined X-ray mammography and EIT

Electrode
Cancerous tissue is up to four
times more conductive than
healthy tissue. [Jossinet -98]
X-ray attenuation is almost
the same in cancerous and
Tumor

healthy tissue.

David Isaacson and his
team have achieved good
results in early detection of
breast cancer using EIT.

Compressed breast
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Other Applications

- Non-destructive testing (corrosion, cracks)

- Seepage of groundwater pollutants

- Medical Imaging (EIT)

Tissue

Blood

Liver
Cardiac muscle

Grey matter
White matter
Lung

Conductivity (mho)
6.7

2.8

6.3 (longitudinal)
2.3 (transversal)
3.5

1.5

1.0 (expiration)
0.4 (inspiration)
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ACT3 imaging blood as it leaves the heart (blue) and fills the
lungs (red) during systole.
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(Loading DBarPerfMoviel.avi)

Thanks to D. Issacson
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DBarPerfMovie1.avi
Media File (video/avi)


Electrical Impedance Tomography
Advantages
e non-invasive (small chance of infections)
e safe (no ionizing radiation is needed)
e portable (used bedside/easily shared if needed)

e can be used 24/7 (updated information/alerts about
events)

e NO serious issues if used for long periods (skin aller-
gies)
18



Continuous Monitoring and Portability

Albert Einstein Hospital - Sao Paulo - Brazil
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Imaging stroke with EIT

Hemorrhagic stroke:
high conductivity.

Ischemic stroke:
low conductivity.

Same symptoms in both cases!
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Brain Imaging

Simulated hemorrhage in the
brain: higher conductivity be-
cause of excess blood.

Left: original, right: recon-
struction

Simulated ischemic stroke:
lower conductivity resulting
from a clot blocking the flow
of blood.
Left: original, right: recon-
struction

Greenleaf, Lassas, Santacesaria, Siltanen and U, 2018
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Calderdn’s Problem (EIT)

Consider a body 2 C R"™. An electrical potential u(x)
causes the current

I(x) =~v(x)Vu

The conductivity v(x) can be isotropic, that is, scalar,
or anisotropic, that is, a matrix valued function. If the
current has no sources or sinks, we have

div(y(x)Vu) =0 in

22



Dirichlet-to-Neumann Map

div(y(z)Vu(z)) =0  ~(z) = conductivity,
u|a§2 = f f = voltage potential at 02

Current flux at 922 = (v - 7Vu)|aQ were v is the unit
outer normal.

/" Information is encoded in

o A (f) = v 7Vl

a6

EIT (Calderdn’s inverse problem)

Does Ay determine ~ 7

N~ = Dirichlet-to-Neumann map
23



Bilinear Form

div(AVu) =0 div(yVv) =0 ou

’ A — V=
ulpo = f Voo =9 (/) Tou LYo

Q\(f.9) = |_~Vu- Vvda.

A. P. Calderdon:| On an inverse boundary value problem, in

Seminar on Numerical Analysis and its Applications to Continuum
Physics, RIo de Janeiro, 1980.

Qv(f) =/QWW’M(SE)Ide:/89/\7(]”)de.
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Linearization

i Qrten(f9) —@y(fr9) / 1T . Toda.
e—0t g Q
Case v = 1: div(AVu) = Au =0
Linearized Problem: Suppose we know

/Q AV - Vodz V Au = Av = 0.

Can we recover h'?
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Linearization
Linearized problem at v = 1:

/Q hVu - Vudx data V Au = Av = 0.

Can we recover h?

u = evP
o — o—wps PEC p-p=0.
n — 1§
p=—05 p-p=0 & |n=I,n-§=0.

|§|2/Q he ™ &dz  known

we can recover X/Q\h(g) , therefore h on 2.

26



Boundary Determination

Theorem (Kohn-Vogelius, 1984)

Assume v € C°(Q). From A, we can determine

80‘7‘89 , V.

Proof (Sylvester-U, 1988; Lee-U,1989)

N\~ | is a pseudodifferential operator of order 1 (Calderon).
02 = {z" = 0} locally.

Coordinates z = (a/,2"), «’ e R" !
Ny R
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Boundary Determination

MF@) = [0 (! €N F(€de

M (€ = ~(0,2)[¢'| + ag(2', &) + - + aj(x’,gf) 4.

with a;(2’,¢") pos. homogeneous of degree —j in ¢

aj(ac/, A = )\_jaj(:c/,fl), A > 0.

&7y
81/3 —O

Result | From aj, we can determine
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Basic Results
Theorem n > 3 (Sylvester-U, 1987)

YEC?*(Q), 0<C1<y(@)<Cy onQ
Ny, = /\’72_:> Y1 = 72
e Extended to v € C3/2(Q) (Piivarinta-Panchenko-U,
Brown-Torres, 2003)
o v € C1T¢(QQ),~ conormal (Greenleaf-Lassas-U, 2003)
oy € C1(2) (Haberman-Tataru, 2013)
o v WIn(QQ), (n = 3,4) (Haberman, 2015)
o v € Wh(QQ) (Caro-Rogers, 2016)

Complex-Geometrical Optics Solutions (CGO)

e Reconstruction A. Nachman (1988)

e Stability G. Alessandrini (1988)

e Numerical Methods (D. Issacson, K. Knudsen, J. Miiller,
S. Siltanen, ---)
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Schrodinger equation

Reduction to Schrodinger equation
div(AVw) = 0
u = \/yw

Then the equation is transformed into:

(A—q)UZO,qZM (A:iﬁ_z)

val =1 0%
(A—-qu=0
“‘aQ =/
Define Aq¢(f) = % 50

v = unit-outer normal to 0fX2.
30



IDENTITY

/Q(fh — q2)uiup = /asz ((/\ql - /\q2)u1‘8§2>u2‘89ds

(A —gj)u; =0

If Ay = Ny, = Agg = Ny, and

S — O
/Q(Cu q2)uiuy

GOAL: Find MANY solutions of (A — ¢;)u; = 0.
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CGO Solutions

Calderon: Let pe C* p-p=0

p=mn-11k

n,keR" |nl=l|kl,n- k=0

u=e’F

2

— 1x-k

—_ e.’,U'Tje

exponentially decreasing, z-n <0
oscillating, - n =20

exponentially increasing, x-n >0
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Complex Geometrical Optics

(Sylvester-U) n > 2, g € L°°(Q2)
Let pe C" (p =n+ik,n,k € R") such that p-p=0
(Inl = |kl,n -k =0).

Then for |p| sufficiently large we can find solutions of
(A —q)wp =0 on
of the form

Wp = e P(1 4 Wy(z,p))

with W, — 0 in 2 as |p| — oo.
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Unigqueness

Proof Ag; = Ngo, = q1 = q2

— utuo> = 0
/Q((n q2)uUl U

up = e PI(1 + Wy (z,p1)), up=¢e"P2(1+ Wy, (z,p2))

pr-pr=p2-p2=0, p1=n+i(k+1)
p2 = —n+i(k—1)

n-k=n-1=1-k=0, |g>=Ik*+[l? ]
[ (1 = @)L 4 Wy + Wy, + Wy W,) = 0

]

Letting |l| — oo /Q(ql — qg)e%x'k =0 Vk=— q1 =q>
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APPLICATIONS

n>3 (A —gq)=0,/\; determines [q
e EIT | A, | determines |~
e Optical Tomography (Diffusion Approximation)

iwU —V -D(x)VU + 0¢(x)U =0 in

U= Density of photons, D=Diffusion Coefficient, o4(z)=
optical absorption.

RESULT e If w % 0 we can recover both D(x) and oq(x).
e If w = 0 we can recover either D(xz) or gq(x).
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Absoption coeficient (cm™)

e
=

o
w

o
ha

o
L

Optical Tomography

b

Scal
Cerebrospinal  S*!! P Source
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matter
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|
.
- -t ‘ .
800 900 1,000 1,100

Wavelength (nm)

Wikipedia
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Other Applications (Fixed energy)

Optics (A — k?n(x))u = 0, n(z) isotropic index of
refraction (¢(z) = k2n(z)).

Acoustic div(p(—lx)Vp) 4+ w?k(z)p = 0, p density,
compressibility (need two frequencies w).

Inverse quantum scattering at fixed energy (A —
g — \2)u = 0, g potential.

Maxwell's Equation (Isotropic)
(Ola-Somersalo): Reduction to (A—-Q), @ an 8 x 8
matrix.

Quantitative Photoacoustic Tomography
(Bal-U, 2010)
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Extension of CGO Solutions

w=e"P(1+ Wz, p))
peC’p-p=0
(Not helpful for localizing)
Kenig-Sjostrand-U (2007),

u = " P@) (@) (1) + R(z, 7))

T €R, ¢,y real-valued, R(z,7)— 0 as ™ — oo.

@ limiting Carleman weight,

Vo -V =0, [Vp|=|Vy|
Example: p(x) =In|x — zg|, xg ¢ ch(2)
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CGO Solutions

u = ") (a(2) + R, 7))
R(z,7) =3°0in Q

() = In |z — ao]

Complex Spherical Waves

Theorem (Kenig-Sjostrand-U, 2007) 2 strictly convex.

/\QI

= Mg, [ C 02, [ arbitrary

‘r ’
= g1 — Qg2

39



Earlier Result

(Bukhgeim-U, 2002) n > 3. Let &€ € S" I = {z ¢
R™; |xz| = 1}. We define
_ . >0
024 = {:C € 092; (v, &) <0 }
(v is the unit outer normal). Let § > 0

¢
<
SP

904 5(&) = {z € 3 (1, €) > 6}
89_75(5) = {gj e 69, <1/7 £> < 5} oQ2_ 5(&)

Theorem (Bukhgeim-U) Suppose we know
/\Q(f)|8§2_,5(€) Supp f C aQ)

Then we can recover q..
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Carleman Estimate
£esn1

Let ¢ € L®(Q), u € C?(2), ulgo = 0. For 7 > g

’g 8’U,

2 [ e R dr 41 /m@,u(xm 51748 (@)

=¢ (/ e (A — gulde — 7 AQ_<f,u<x>>| ) a“|2ds)

41



Carleman Estimate

Remarks Aj,u = e PPA(e*Pu)

e Carleman estimate for domains with boundary for
NAp=A+2p-V

e Weight is linear: (x, &)

Corollary uw = 0 on 0%, %bg‘z_ =0

—7(,6) O 2 < TEE (A Yyl
T/aQ_I_(a:,V(a:‘)He (‘9V| dS(x) < C’/Q|e (A — q)u|“dx

We need (v(xz),&) > 6 >0

42



Partial Data
Bukhgeim-U (n > 3)

Nar(Dloq_s6) = Na2(Dloa_s) YV == a1 =

3
SP

0Q_ 5(&) = {x € 92; (v, &) < 6}
Sketch of proof

02 5(§)

Choose  up = e"P2(1 4 Wy, (z, p2)) k
solution of (A —gy)ur, =0
p2 = 1§+ i(k+1) :
K2 + 12 = 2 z

a’u,l 3u2
Let u1 besuch that ui|pq = us|sq, Elaﬂ_ﬁ(g) =5 o0 5(€)
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Partial Data
up = eP2(1 4 Wy, (z, p2))

(A —qg2)up =0, po =7+ i(k+1)

ouq Oouo

u1lon = u2|oq; 8—1/1|89—’5(5) = a—yl|8§2_,5(€)

U=1uy —u2, 4qg=—4q1 —4q2

v] = e P11+ Vg (x,p1)) p1= -7+ i(k—1)
solution of (A —¢qq)vy = 0.

ou
dr = / o dS
/Q AU oQ (9VU1

Note that u|39 =0, %|8Q_,5(§) =0
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Partial Data

qd =41 — Qg2

/ qu2v1dx—/ @’UldS
Q 094 5(¢) Ov

vy = ePP2(1 4 Wy,)

Fix k€ R", p1 + po = 2ik

Carleman estimate

TS ,f 2 ue T (%:8)|2 .
" o, Ev@)eTEOTIRAS@) <€ | 1(A-a) 2ds @)

Need (z,£) > 6 > 0. |RHS| < C as |p| — oo, LHS— /Q qe2mk gy
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Partial Data

SP

We get /Q e kg(x)dr = 0

k1L & But we can move € a
little bit

o2_ 5(¢)

02 5(§) = {z € 0Q2; (v(x), &) < 4}

We obtain xag(—2k) = 0 in an open cone = ¢ = 0.

. ou
Carleman estimate — control of %‘C,mﬂs

priate linear weights) (Stability estimates, Heck-Wang,
2006, 2016)

(with appro-
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More general Partial Data

Theorem (Kenig-Sjostrand-U) 2 strictly convex.

Ngy |- = Ngs - [ C 9L2, [ arbitrary

-

= g1 = q2
ur = TPt o(z) = Injz — x|, 29 §ch(2)

Eikonal: |V Vi =0, |Ve| = [V
() = d(é £O|,w),w e S7~1: smooth

for z € Q.
Transport: (Vo +iVYy) -Var =0

Lo

(Cauchy-Riemann equation in plane generated by Vo, V)
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More general Partial Data

o) = In|a —zg|, w0 &h(SD)

Carleman Estimates

>
ulgo = %MQ_ =0 02+ = {x € 02; Vp-v < 0}

o) C
/ < Voy,v > |€_T(’0(m)—u|2d8 < —/ (A — q)ue_7¢(x)|2ds
024 ov T JQ

This gives control of %|39+’5,

0 s ={x €92, Vyp- v >4}
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More general CGO solutions

Ur = 67(¢+i¢)a7,

7> 0, 7= 1/h (semicl.), ¢, real-valued

e ¢ is a limiting Carleman weight

e%hQ(—A + q)e_%
has semiclassical principal symbol
Py(x,8) = &% — (Vp)* +2iVep - £
Hormander's condition:
{Re Py,,Im P,} <0 on P,=0
We need ¢, —p to be phase of solutions.
LCW: {Re P,,Im P,} =0

Ve # 0 in an open neighborhood of €.
49



More general CGO solutions
up = e%(so-kiw)ah
e v LCW, ¢ real-valued
{ReP,,ImP,} =0 on P,=0
Ve # 0 on an open neighborhood of .
Examples (Dos Santos Ferreira-Kenig-Salo-U, 2009)

(@) p(z) =z-& £eR”, [{=1
(b) p(z) =aln|x — x|+ b, (a,b constants), zg &ch(Q)
<£I§‘—£Bo,f>

|z — zg|?

() p(z) ="

+ b, £ € R?

(d) w(z) = aarctan 2505 4 b

(e) p(z) = aarctanh|x2_<i;|§8’|§£>|2 +b

(f) n =2, ¢ is a harmonic function
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More general CGO solutions

Instead of
21x-k
dr =0
/Qe q(x)dz

k1¢(¢£esS™ 1) as in Bukhgeim-U argument we get

/Q e (@) qg(x) lajasde = 0

A any real number, a1,a> 7= 0, f(x) real-analytic, a1, as
real analytic

Analytic microlocal analysis = ¢ = 0 (like inversion of
real-analytic Radon transforms)
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Linearization with Partial Data

(Analog of Calderdn)

Theorem (Dos Santos Ferreira, Kenig, Sjostrand-U, 2009;
Sjostrand-U, 2016)

/huv:O
Q

[ C 022, " open,
(A —q@)u= (A —q)v=0, g is analytic, u,v € C*°(Q),

sSupp ulga, Supp vlgo C I,

= h=20.
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Complex Spherical Waves

ur = (Pt
p(z) =Infz — x|, zo ¢ ch(£2)

Also used to determine inclusions, obstacles, etc.

a) Conductivity Ide-Isozaki-Nakata-Siltanen-U, 2007
b) Helmholtz Nakamura-Yosida, 2007

c) Elasticity J.-N. Wang-U, 2007

d) Maxwell T. Zhou, 2010
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Complex Spherical Waves

(Loading reconperfectl.mpg)

54



reconperfect1.mpg
Media File (video/mpeg)


The Two Dimensional Case

Theorem (n = 2) Let v, € C?(Q), j = 1,2.
Assume Ay = Ay, . Then (41 = 2.
e Nachman (1996)

e Brown-U (1997) Improved to ~; Lipschitz
e Astala-Paivarinta (2006) Improved to v; € L°(2)

Recall
div(hVu) =0, € L°°(£2)
ulon = f

V() = |_IVulPde = (Af, ) 2062
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The Two Dimensional Case
T his follows from more general result

Theorem (n = 2, Bukhgeim, 2008) Let gq; € L*>(£2),

] =1,2.
Assume Ag; =Ny, . Then g1 =qo.
Recall
A —qg)u =0, ou
( q>_ N(f) =

with v-unit outer normal.
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The Two Dimensional Case

Ngg =Ngp = q1=¢q2

Sketch of proof New class of CGO solutions

ui(z,7) = eI (1 - ’I“j(Z,T)) > 1
solve (A —gj)u; = 0 with r;(2,7) — 0 on €2 sufficiently
fast.

Notation z=x1+ 12>

Remark 22 = af;l — 302 + 2ix1x0 = © + 1Y

Ve V=0, |Vo|=]|VY|
@ harmonic, ¢ conjugate harmonic.
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The Two Dimensional Case
Ny = Ngp = /Q(Cﬂ — q2)uiupdr =0

(A —qj)u; =0

wj = 6737',22 (1—|—7’j (z,T))

Substituting
: 2 2
/Q((h — q2)e2 @12 (1 4 4 1o + riro)dz = 0.
Letting 7 — oo and using stationary phase

(g1 —¢2)(0) = 0.
Changing z to z — zg we get

(g1 — q2)(20) = 0.
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The Two Dimensional Case
T his follows from more general result

Theorem (n = 2, Bukhgeim, 2008) Let gq; € L*>(£2),

1 =1,2.
Assume Ag; = Ng,|. Then (g1 = g2
Recall
A —q)u =0, ou
( q>_ Ng(f) =

with v-unit outer normal.

59



The Two Dimensional Case
Ngg =Ny = a1 =¢q

Sketch of proof New class of CGO solutions

ur(z,7) = € (1+r1(z,7))
us(z,7) = e 7 (1 +ro(z, 7))

é)é{e (A —g;)u; = 0 with r;(z,7) — 0 on € sufficiently

> 1

Notation 2z =u2x1+ x>

Remark 22 = az% — ZE% + 2tx1x0 = 0 F 1Y

Vo -Vip =0, |Vp|=|Vy
@ harmonic, ¢ conjugate harmonic.
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The Two Dimensional Case
Ny = Ngp = /Q(Cﬂ — q2)uiupdr =0

(A —gj)u; =0

2 (147r1(2,7), up=e 75 (14 ro(z,7))

up = e’
Substituting
/Q((h — q2)e*TTE2(1 4 1y + 1o + ri7r0)dr = 0.
Letting 7 — oo and using stationary phase

(g1 —¢2)(0) = 0.
Changing z to z — zg we get

(g1 — q2)(20) = 0.
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Partial data

Let T C 02, [T open.
Let ¢; € C1T8(Q), e >0, j =1,2.

Theorem (Imanuvilov-U-Yamamoto 2010) n=2. As-
sume

A ()| = Ao (D]
V f, suppf C . Then

q1 — 42

e Riemann Surfaces: Guillarmou-Tzou (2011)
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Partial Data

fo=0Q2—T

Construct CGO solutions

Auj — qju; = 0O in €2
ujlrg =0

In this case
/Q(fh — g2)ujupdr = 0

it Agi (F)Ir = Ngo(F)|r, suppf CT.
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Partial Data
— uiu> = 0
/Q(Cn go)uiun

ujlrg = ujlo—r =0

up(z) = "3 (a(2) + aO(Z)) + () (a(2) + a’l(z)) + eme R

ua(e) = e *O(@() + 2 4 e () + 1) 4 eoR®

® = o+ i) holomorphic
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Partial Data
up = Re e™®@(a(z) +---), up=Re e ™G (@(z)+--)

P(z) = ¢+ ip holomorphic

ujlogq-r =0

p € 2, ® has non-degenerate critical point at p (Morse
function)

da=0 Realgo_r=0
a = 0 at other critical points

Stationary phase in
— ut1u> = O
/ (g1 — @2)urup =

65



Partial Data

up = Re ™) (a(z) +---)
ur = Re e ") (G(2) 4+ -+ +)
uilo—r =0

d(z) Morse function with non-degenerate critical point
at p.

_ — 0
/Q(Cﬂ q2)uiuo

Stationary phase

= (g1 —q2)(p) =0
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Carleman Estimate With Degenerate Weights

Lemma 1

Let 02 — I = {x € 92, v -V = 0}. Then for 7 suffi-
ciently large, 9 solution of

Au—qu=Ff in £
ulpo-r =g

such that

el 2y < € (117210 Il 2y + g€l 2(ry
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Phase Function

Lemma 2 (Vekua) Given points z1,...z in 2 and con-
stants b;,¢ = 1,2, Cp 4,015,024, = 1,..., N, there ex-
iIsts an open and dense set

© CC2(0Q —T) xC2(8Q —T) x C3N
solution of

¢ + 1 holomorphic in €2,

(¢7¢)|8Q—|‘ — (b17 b2)
(¢ +iv)(z;) = Co
55(6 + i) (z)) = C
%(Cﬁ + i) (x;) = Co
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CGO Solutions (n = 2)

- 1g(z) 1= 1 9(£1,¢€2) deydes,  O-lg =0

1
TJQ & + i€ — 2 &

g
R g = eT(W—CD(Z))aE—l(geT(CD(Z)—W))
Rep rg 1= eT(P() =) g1 (5 (P() = (2)))

H = non-degenerate critical points of &.
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CGO Solutions (n = 2)

Aui —qiu; =0 in €2

ul‘afz\r =0

Let & be a holomorphic Morse function, such that
Im®d =0 on 9Q\IN. Let & = ¢ + ).

ui(@) = @ (a(z) + ap(2)/7) + ™% (a(z) + ag(z)/7)

+ e"Puq11 + e"Puqnp.

70



CGO Solutions (n=2)

wi(z) = @ (a(2) + ao(2)/7) + e (a(z) + ao(2)/7)

+ e"Pu11 + e Puo.

Choice of a,aq,aq:

a,ag,a1 € C2(Q), 08za = 0za0 = a1 =0

Rea =0, a=0,a=0 onHnNOos.

or

8=t (agr) — M1(2)
49,

071 (a(2)q1) — M3(2)
40,P

(a0(2) +a1(2) |y -

_|_
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CGO Solutions (n=2)

The polynomials M;y(z) and M3(z) satisfy
81(05 M (aq1) — M3(2)) =0, z€H,j=0,1,2

L(0; 1 (@q1) — M3(2)) =0, z€H,j=0,1,2.

Let e;,7 = 1,2 be smooth, e;+e> =1 0n Q withe; =0
in @ neighborhood of H — 02 and e»> = 1 in a neighbor-
hood of 0X2.
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Remainder Term

Choice of uq1:

1

upl = —Zeiwf%,f(el (07 M(aq1) — M1(2)))

_ie—w%,_f(@l (071 (a(2))a1 — M3(2)))

eIt e2(05 M (agqr) — M1(2))

et e2(0; 1 (a(2)q1) — M3(2))
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Other Remainder Term

Find w15 such that

A(ui0e™) — qruipe’? — qrui1e’™ 4+ h1e™®  in €,

U12‘a§2\r = 3§¢,T(61 (02 M (a(2)q1) — M1(2)))

—|—%R¢,_T<€1 (8;1(@)611 — M3(Z)>)

1
: - , % .
||u12||L2(Q) © <7) T X
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Here

Other Remainder Term

hy = SITY A (62 (82_1@(2)611) — Ml(z)))

+e YA (

anqi1
T

e2(0; ! (a(2)q1) — M3(3))

. a1 .
pimy _ ML ity
T

|
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Other Remainder Term

Similarly:

Av—qgov=0 in¢£2, 0.

U|a§2\r -

Construct solution v of the form

o(@) = e T (a(2) +bo(2)/7) + e T (a(z) + bo(2)/7)

+e "Pu11 + e T Fupo.
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Main Term

R= [ (a1 - 42)(alag + bo) +a(az + b1))da

—1(a — z “1(a — z

1 0z 1(aqr) — M1(z)  _0-1(aqr) — M3(2)
7 /Q(fh —q2) (a S +a 5.0 dx
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Proof of Uniqueness for Partial Data

e Take geometiric optics solution uy to

Auqy —qiu; = 0, 0.

ul‘@Q\I’ -

® U)D. Auz — qounp = 0, un = Uu1 .
0<2 052

DN maps are equal = Vuo = Vui on I,

u=u; —ux = Au-—qgu=(q1—g2)u

ou

— = 0.
ov

r

u|6§2:0’

e [ake complex geometric optics solution v to

Av — gov = 0, = 0.

v‘@Q\I‘
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Uniqueness for Partial Data

O=/0Au— ud:cz—/ — go)vuidzx :
o U qou) o (a1 — a2)vuy
Stationary phase + estimates for w1, =

i27Im ©(x1,)

5 Z 7((q1 — ¢2)]a?) (Fp)Ree
|(detIm cl>”)(=’131~c)|2

+ R =o0(1),

asS 7 — OQ.

[left side] = almost perodic function in 7.
Bohr's theorem inplies [left side] = 0 for all .
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Phase function
We can choose & such that

Im d(73) # Im (7)), j# k.

Let a(x;) # 0. Then stationary phase implies

q1(xg) = q2(T)-
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Partial Data for Second Order Elliptic Equations (n = 2)
(Imanuvilov—U—Yamamoto, 2011)

0 0
Ag—I—A(z)£+B(z)£—|—q z = x1 + 122

g = (g4;) positive definite symmetric matrix;

1 .
Agqu = det ’LJ W= (g —1
g Tet(g)” ¥ (\/ et(g)g g (9i5)

Includes

e Anisotropic Calderon’s Problem
e Magnetic Schrodinger Equation

e Convection terms
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Anisotropic case

Cardiac muscle 6.3 mho (longitudinal)
2.3 mho (transversal)

v = (v9) positive-definite, symmetric
conductivity matrix

2 C R™ 2bounded. Under assumptions of no sources
or sinks of current the potential v satisfies

"9 . Ou :
div(yVu) =0 2. O (Vjaa:) =0in < (%)

i,j=1
ulpe, =1
f = voltage potential at boundary
_ i () — sijogis = )L 1=
Isotropic (@) = a(z)d; 6% = 0, i#j
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Anisotropic Case

n o .
Y (wau> =0in Q
8:131'

i =1 O (*)
“|a§z =/
8u =i H
Ny (f) = Z v’ ’7 Y |
1,=1 Yilon L
a6
v = (ul,--- ,1/”) is the unit outer normal to 92

NA~(f) is the induced current flux at 0f2.

N\~ is the voltage to current map or Dirichlet - to -
Neumann map
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Anisotropic Case

n P
3 83 (Wau> =0in
Ly

1,7=1 (933]'
u|a§z =/
8u
/\v(f>_ Z V’Y 8
i,J=1 Yiloq

EIT: Can we recover v in £2 from Ay 7?7
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Invariance

ou

di Vu) =0
|V(’Y ) /\v(f>_ Z ,yzgy_ag

u‘@Q =/ 1,J=1 0z

Answer: NO Ny = Ny

where ¢ : £2 — €2 change of variables
Y|go = Identity

DY) ovoD
ww=<( )T oy w)ow

|det D

vzuozp_l
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Geometric inverse problems (Lee-U, 1989)
(M, g) compact Riemannian manifold with boundary.
Ay Laplace-Beltrami operator g = (gij) pos. def. sym-
metric matrix

1 IO, o Ou »
qu Jet g g o, (’\/ g9 8:13j) (9%) (gZ_])

1,j=1

4 V

Agu=0on M 4 Conductivity:
— | 1) — ]
u|8M f (9 vy vdetgg
2
n 9
Ng(f) = ) vgW—/dety
i,j=1 Oz oM
v = (vl ... v™) unit-outer normal
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Geometric inverse problems

u‘aM =1/

ou oo 0u
/\g(f)=87: Z ngwa ydetyg
g

i,j=1 '

L OM

current flux at oM

Inverse-problem (EIT)
Can we recover g| from Ag 7

Ng = Dirichlet-to-Neumann map or voltage to current
map
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Another Motivation (String Theory)

HOLOGRAPHY

Inverse problem: Can we recover (M, g) (bulk) from
Dirichlet-to-Neumann map 7

M. Parrati and R. Rabadan, Boundary rigidity and holog-
raphy, JHEP 01 (2004) 034

B. Czech, L. Lamprou, S. McCandlish and J. Sully,

Integral geometry and holography, JHEP 10 (2015) 175
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Anisotropic Case

Theorem (n > 3) (Lassas-U 2001, Lassas-Taylor-U 2003)
(M, g;),i = 1,2, real-analytic, connected, compact, Rie-
mannian manifolds with boundary. Let " C oM, [ open.
Assume

Ng1(F)Ir = Ngo(F)IFs VS, f supported in I

Then d¢Y : M — M diffeomorphism, 2 = Identity, so
that

g1 =Y go
In fact one can determine topology of M, as well (only
need to know Ay, OM).
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Anisotropic Case

Theorem (Guillarmou-Sa Barreto, 2009) (M,g;),i =
1,2, are compact Riemannian manifolds with boundary
that are Einstein. Assume

Ng1 = Ng
Then J¢Y : M — M diffeomorphism, ¥|gy; = Identity
such that

91 =¥ g2
Note: Einstein manifolds with boundary are real analytic
in the interior.

90



Anisotropic Case

Theorem (n = 2)(Lassas-U, 2001)

(M, g;), i = 1,2, connected Riemannian manifold with
boundary. Let I C oM, [ open. Assume

Ng1 (N = Ngo (P, VS, f supported in I

Then dvy : M — M diffeomorphism, -= Identity, and
B > O,B‘I_ — 1 so that

g1 = BYTgo

In fact, one can determine topology of M as well.
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Moding Out the Diffeomorphism Group
Some conformal class Ngg=Ng, BeC®(M)
—— B =17

More general problem

(Ag—q)u=0, g€ C®(M)
u|8M — ng
Ng(f) = a—ﬁglaM-

Inverse Problem: Does A, determines q7
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Moding Out the Diffeomorphism Group
(Ag — q)u =0, Ng(f) = ayg|8M1 Ng = q?

Theorem (n=2) (Guillarmou-Tzou, 2009) YES
Earlier results:
e R2, g small (Sylvester-U, 1986)
e R2, ¢ generic (Sun-U, 2001)
e R2 ¢g= M,’y > 0 (Nachmann 1996)
VA
e Riemannian surfaces, g = A\/\[ ~ > 0, (Henkin-
Michel, 2008)

e gc L™, (Bukhgeim, 2008)
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Moding Out the Diffeomorphism Group
(n>3)

(Ag—q)u=0, g C®°(M)
u|3M — f7

Ng(f) = Gilam

) s =c@) (g, On ). exo

Theorem (Dos Santos-Kenig-Salo-U) Assume that there
is a global coordinate system so that (*) is true. In ad-
dition gg is simple. Then Ay, determines uniquely gq|.

Simple: No conjugate points and strictly convex.
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Moding Out the Diffeomorphism Group

g(x1,7) = c(z) ( (1) go?ac/) ) = R7 1

Examples

(a) g(x) conformal to Euclidean metric (Sylvester-U, 1987)

(b) g(x) conformal to hyperbolic metric (Isozaki, 2004)

(c) g(x) conformal to metric on sphere (minus a point)
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Non-uniqueness for EIT (Invisibility)

Motivation (Greenleaf-Lassas-U, MRL, 2003)

When bridge connecting the two parts
of the manifold gets narrower the
boundary measurements give less infor-
mation about isolated area.

When we realize the manifold in Euclidean space we
should obtain conductivities whose boundary measure-
ments give no information about certain parts of the
domain.
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